Abstract. We show that minimal models of nondegenerated hypersufaces defined by Laurent polynomials with a d-dimensional Newton polytope ∆ are CalabiYau varieties X if and only if the Fine interior of the polytope ∆ consists of a single lattice point. We give a combinatorial formula for computing the stringy Euler number of such Calabi-Yau variety X via the lattice polytope ∆. This formula allows to test mirror symmetry in cases when ∆ is not a reflexive polytope. In particular, we apply this formula to pairs of lattice polytopes (∆, ∆ ∨ ) that appear in the Mavlyutov's generalization of the polar duality for reflexive polytopes. Some examples of Mavlyutov's dual pairs (∆, ∆ ∨ ) show that the stringy Euler numbers of the corresponding Calabi-Yau varieties X and X ∨ may not satisfy the expected topological mirror symmetry test: e st (X) = (−1) d−1 e st (X ∨ ). This shows the necessity of an additional condition on Mavlyutov's pairs (∆, ∆ ∨ ).
Introduction
Many examples of pairs of mirror symmetric Calabi-Yau manifolds X and X * can be obtained using Calabi-Yau hypersurfaces in Gorenstein toric Fano varieties corresponding to pairs (∆, ∆ * ) of d-dimensional reflexive lattice polytopes ∆ and ∆ * that are polar dual to each other [Bat94] . where v(P ) := (dim P )!V ol(P ) ∈ Z denotes the integral volume of a lattice polytope P . An alternative proof of the formula (1.1) together with its generalizations for Calabi-Yau complete intersections is contained in [BS17] . The formula (1.1) and the duality Θ ↔ Θ * between faces of reflexive polytopes ∆ and ∆ * immediately imply the equality e str (X) = (−1)
which is a consequence of a stronger topological mirror symmetry test for the stringy Hodge numbers [BB96] :
It is important to mention another combinatorial mirror construction suggested by Berglung and Hübsch [BHü93] and generalized by Krawitz [Kra09] . This mirror construction considers (d − 1)-dimensional Calabi-Yau varieties X which are birational to affine hypersurfaces Z ⊂ T d defined by Laurent polynomials
whose Newton polytope ∆ ⊂ R d is a lattice simplex, but it is important to stress that this simplex may be not a reflexive simplex. The mirror duality for the stringy (or orbifold) Hodge numbers of Calabi-Yau varieties obtained by Berglung-Hübsch-Krawitz mirror construction was proved by Chiodo and Ruan [CR11] and Borisov [Bor13] .
The Batyrev mirror construction [Bat94] and the Berglund-Hübsch-Krawitz mirror construction [BHü93, Kra09] can be applied to different classes of hypersurfaces in toric varieties, but they coincide for Calabi-Yau hypersurfaces of Fermat-type. So it is natural to expect that there must be a generalization of two mirror constructions that includes both as special cases (see [AP15, Bor13, ACG16, Pum11, BHü16] ). Moreover, it is natural to expect the existence of a generalization of combinatorial formula (1.1) for the stringy Euler number e str (X) of Calabi-Yau varieties X which holds true for projective varieties coming from a wider class of nondegenerate affine hypersurfaces Z ⊂ T d defined by Laurent polynomials.
Recall that the stringy Euler number e str (X) can be defined for an arbitrary ndimensional normal projective Q-Gorenstein variety X with at worst log-terminal singularities using a desingularization ρ : Y → X whose exceptional locus is a union of smooth irreducible divisors D 1 , . . . , D s with only normal crossings [Bat98] . For this purpose, one sets I := {1, . . . , s}, D ∅ := Y and for any nonempty subset J ⊆ I one defines D J := j∈J . Using the rational coefficients a 1 , . . . , a s from the formula Using methods of a nonarchimedean integration (see e.g. [Bat98, Bat99] ), one can show that e str (X) is independent of the choice of the desingularization ρ : Y → X and one has e str (X) = e str (X ′ ) if two projective Calabi-Yau varieties X and X ′ with at worst canonical singularities are birational. More generally, the stringy Euler number e str (X) of any minimal projective algebraic variety X does not depend on the choice of this model and coincides with the stringy Euler number of its canonical model, because all these birational models are K-equivalent to each other. There exist some versions of the stringy Euler number that are conjectured to have minimum exactly on minimal models in a given birational class [BG18] .
We remark that in general the stringy Euler number may not be an integer, and so far no example of mirror symmetry is known if the stringy Euler number e str (X) of a Calabi-Yau variety X is not an integer.
In Section 2 we give a review of results of Ishii [Ish99] on minimal models of nondegenerate hypersurfaces and give a combinatorial criterion that describes all d-dimensional lattice polytopes ∆ such that minimal models of ∆-nondegenerate hypersurfaces Z ⊂ T d are Calabi-Yau varieties. We show that a ∆-nondegenerate hypersurface Z ⊂ T d is birational to a Calabi-Yau variety X with at worst Qfactorial terminal singularities if and only if the Fine interior ∆ F I of its Newton polytope ∆ consists of a single lattice point (Theorem 2.26). We remark that there exist many d-dimensional lattice polytopes ∆ such that ∆ F I = 0 ∈ Z d which are not reflexive if d ≥ 3.
In Section 3 we discuss the generalized combinatorial duality suggested by Mavlyutov in [Mav11] . Lattice polytopes ∆ that appear in the Mavlyutov duality satisfy not only the condition ∆ F I = 0, but also the additional condition [ 
Mavlyutov hoped that this duality could help to find a mirror symmetric generalization of the formula (1.1) for arbitrary pairs (∆, ∆ ∨ ) of pseudoreflexive polytopes [Mav13] . In Section 4 we are interested in a combinatorial formula for the stringy E-function E str (X; u, v) of a canonical Calabi-Yau model X of a ∆-nondegenerated hypersurface for an arbitrary d-dimensional almost pseudoreflexive polytope ∆. Using the results of Danilov and Khovanskii [DKh86] , we obtain such a combinatorial formula for the stringy function E str (X; u, 1) (Theorem 4.10) and for the stringy Euler number e str (X) := E str (X; 1, 1) (Theorem 4.11):
In this formula the polar polytope ∆ * is in general a rational polytope, the integer v(Θ) denotes the integral volume of a (d − k)-dimensional face Θ ∆ and the rational number v(σ Θ ∩∆ * ) denotes the integral volume of the k-dimensional rational polytope σ Θ ∩ ∆ * contained in the k-dimensional normal cone σ Θ corresponding to the face Θ ∆ in the normal fan of the polytope ∆. One can easily see that the formula (1.1) can be considered as a particular case of the formula (1.2) if ∆ is a reflexive polytope.
In Section 5 we consider examples of Mavlyutov pairs (∆, ∆ ∨ ) of pseudoreflexive polytopes obtained from Newton polytopes of polynomials defining Calabi-Yau hypersurfaces X of degree a + d in the d-dimensional weighted projective spaces P(a, 1, . . . , 1) of dimension d ≥ 5 such that the weight a does not divide the degree a + d and a < d/2. These pseudoreflexive polytopes ∆ and ∆ ∨ are not reflexive. If d = ab + 1 for an integer b ≥ 2 then X is quasi-smooth and one can apply the Berglund-Hübsch-Krawitz mirror construction. We compute the stringy Euler numbers of Calabi-Yau hypersurfaces X and their mirrors X ∨ . In particular, we show that the equality e str (X) = (−1) d−1 e str (X ∨ ) holds if d = ab + 1 and in this case one obtains quasi-smooth Calabi-Yau hypersurfaces. However, if d = ab + l (2 ≤ l ≤ a − 1), then the Calabi-Yau hypersurfaces X ⊂ P(a, 1, . . . , 1) are not quasismooth. Using our formulas for the stringy Euler numbers e str (X) and e str (X ∨ ) we show that the equality e str (X) = (−1) d−1 e str (X ∨ ) can not be satisfied if e.g. d = ab + 2, where a, b are two distinct odd prime numbers (Theorem 5.5).
In Section 6 we investigate the Mavlyutov duality ∆ ↔ ∆ ∨ together with an additional condition on singular facets of the pseudoreflexive polytopes ∆ and ∆ ∨ . This condition can be considered as a version of a quasi-smoothness condition on Mavlyutov's pairs (∆, ∆ ∨ ) suggested in some form by Borisov [Bor13] . For CalabiYau varieties X and X ∨ corresponding to Mavlyutov's pairs (∆, ∆ ∨ ) satisfying this additional condition we prove another generalization of the formula (1.1) such that the equality e str (X) = (−1) 
Minimal models of nondegenerate hypersurfaces
Let M ∼ = Z d be a free abelian group of rank d and M R = M ⊗ R. Denote by N R the dual space Hom(M, R) with the natural pairing * , * :
Definition 2.1. Let P = Conv(x 1 , . . . , x k ) ⊂ M R be a convex polytope obtained as the convex hull of a finite subset {x 1 , . . . , x k } ⊂ M R . Define the piecewise linear function
We associate with P its normal fan Σ P which is finite collection of normal cones σ Q in the dual space N R parametrized by faces Q P . The the cone σ Q is defined as
The zero 0 ∈ N R is considered as the normal cone to P . One has
If P ⊂ M R is a d-dimensional polytope containing 0 ∈ M in its interior, then we call
the polar polytope of P . The polar polytope P * is the union over all proper faces Q ≺ P of the subsets
i.e.,
Definition 2.2. Let n ∈ N be a primitive lattice vector and let l ∈ Z. We consider an affine hyperplane H n (l) ⊂ M R defined by the equation x, n = l. If m ∈ M then the nonnegative integer | m, n − l| is called the integral distance between m and the hyperplane H n (l).
Definition 2.3. Let ∆ ⊂ M R be a lattice polytope, i.e., all vertices of ∆ belong to M. Then ord ∆ has integral values on N. For any nonzero lattice point n ∈ N one defines the following two half-spaces in M R :
For all n ∈ N we have obvious the inclusion Γ ∆ 1 (n) ⊂ Γ ∆ 0 (n) and the lattice polytope ∆ can be written as intersection
Definition 2.4. Let ∆ be a d-dimensional lattice polytope. The Fine interior of ∆ is defined as
Remark 2.5. It is clear that ∆ F I is a convex subset in the interior of ∆. We remark that the interior of a d-dimensional polytope ∆ is always nonempty, but the Fine interior of ∆ may be sometimes empty. I was told that the subset ∆ F I ⊂ ∆ first has appeared in the PhD thesis of Jonathan Fine [Fine83] .
Remark 2.6. Since ∆ F I is defined as an intersection of countably many half-spaces Γ ∆ 1 (n) it is not immediately clear that the polyhedral set ∆ F I has only finitely many faces. The latter follows from the fact that for any proper face Θ ≺ ∆ the semigroup S Θ := N ∩ σ Θ of all lattice points in the cone σ Θ is finitely generated (Gordan's lemma). One can show that ∆ F I can be obtained as a finite intersection of those half-spaces Γ ∆ 1 (n) such that the lattice vector n appears as a minimal generator of the semigroup S Θ for some face Θ ≺ ∆. Indeed, if n ′ , n ′′ ∈ σ Θ , i.e., if two lattice vectors n ′ , n ′′ are in the same cone σ Θ , and if x ∈ ∆ is a point in Γ
Remark 2.7. Let ∆ ⊂ M R be a d-dimensional lattice polytope. If m ∈ ∆ is an interior lattice point, then m ∈ ∆ F I . Indeed, if m ∈ ∆ is an interior lattice point, then for any lattice point n ∈ N one has m, n > ord ∆ (n). Since both numbers m, n and ord ∆ (n) are integers, we obtain m, n ≥ ord ∆ (n) + 1, ∀n ∈ N, i.e., m belongs to ∆ F I . This implies the inclusion
i.e., the Fine interior of ∆ contains the convex hull of the set interior lattice points in ∆.
We see below that for 2-dimensional lattice polytopes this inclusion is equality. In order to find the Fine interior of an arbitrary 2-dimensional lattice polytope we will use the following well-known fact: Proof. Let ∆ be a 2-dimensional lattice polytope. If ∆ has no interior lattice points, then ∆ is isomorphic to either a lattice polytope in R 2 contained in the strip 0 ≤ x 1 ≤ 1, or to the lattice triangle with vertices (0, 0), (2, 0), (0, 2) (see e. g. [Kho97] ). In both cases one can easily check that ∆ F I = ∅. If ∆ has exactly one interior lattice point then ∆ is isomorphic to one of 16 reflexive polygons and one can check that this interior lattice point is exactly the Fine interior of ∆, because, by 2.8, this interior lattice point has integral distance 1 to its sides.
If ∆ is a 2-dimensional lattice polytope with at least two interior lattice points then we denote 
The convex rational polytope
containing ∆ we call the canonical hull of ∆. Definition 2.14. Let X be a normal projective algebraic variety over C, and let 
where a 1 , . . . , a k are rational numbers which are called discrepancies. The singularities of X are said to be log-terminal if
It is known that Q-Gorenstein toric varieties always have at worst log-terminal singularities [Reid83] . 
be an arbitrary torus invariant Q-divisor on P such that the rational polytope
is not empty. Then the rational numbers
Without loss of generality we can assume that the equality ord 
′ defined by a simplicial fan Σ ′ whose 1-dimensional cones are generated by the lattice vectors v i ∈ Supp(∆ D ) together with a birational toric morphism ϕ : P → P ′ that contracts the divisors V r+1 , . . . , V s such the nef divisor P on P is the pull back of the nef divisor 
where Σ denotes the common regular simplicial subdivision of the normal fans Σ ∆ and Σ ∆ can . In particular, one obtains two birational morphisms
Proof. Let L be the ample Cartier divisor on the d-dimensional toric variety P ∆ corresponding to a d-dimensional lattice polytope ∆. We apply the toric Zariski decomposition to the adjoint divisor D := ρ * L+K P Σ for some toric desingularization ρ : P Σ → P ∆ defined by a fan Σ which is a regular simplicial subdivision of the normal fan Σ ∆ . Let {v 1 , . . . , v s } be the set of primitive lattice vectors in N generating 1-dimensional cones in Σ.
Since one has
is exactly the Fine interior ∆ F I of ∆. We can assume that Supp(∆ F I ) = {v 1 , . . . , v r } (r ≤ s) and the first l lattice vectors v 1 , . . . , v l (l ≤ r) form the set of generators of 1-dimensional cones Rv i (1 ≤ i ≤ l) in the normal fan Σ ∆ can so that one has
Moreover, there exists a projective Q-factorial toric variety P ′ such that v 1 , . . . , v r is the set of primitive lattice generators of 1-dimensional cones in the fan Σ ′ defining the toric variety P
. . , V l the set of torus invariant divisors on P ∆ can . Let X be the Zariski closure of the affine ∆-nondegenerated hypersurface Z ∆ in P ∆ can . Then X is linearly equivalent to a linear combination
On the other hand, we have
So K P ∆ can + X is a semiample Q-Cartier divisor on the projective toric variety P ∆ can corresponding to the rational convex polytope ∆ F I . For nondegenerate hypersufaces one can apply the adjunction and obtain that the canonical class K X is the restriction to X of the semiample Q-Cartier divisor K P ∆ can + X. The log-discrepancies of the toric pair (P ∆ can , X) are equal to the discrepancies of X, because of inversion of the anjunction for non-degenerate hypersurfaces [Amb03] .
Corollary 2.19. For the above birational morphism ρ 2 : P Σ → P ∆ can one has
where V i denotes the torus invariant divisor on P Σ corresponding to the lattice point v i ∈ N and 
where ρ is a 5-th root of unity.
We apply the above general results to ∆-nondegenerate hypersurfaces whose minimal models are Calabi-Yau varieties. It is known that the number of interior lattice points in ∆ equals the geometric genus of the ∆-nondegenerate hypersurface [Kho78] . Therefore, if a nondegenerate hypersurface Z ∆ is birational to a CalabiYau variety, then ∆ must contain exactly one interior lattice point. However, this condition for ∆ is not sufficient. 
where the discrepancy a i of the exceptional divisor
Proof. First of all we remark that this statement has been partially proved in [ACG16, Prop. 2.2.], but the application of Mori theory for nondegenerate hypersurfaces (see 2.18 and 2.19) imply stronger statements. The above formula for the discrepancies a i is not new and it has appeared already in [CG11] for resolutions of canonical singularities of Calabi-Yau hypersurfaces X in weighted projective spaces. In general case, one can make a direct computation of a i using the global nowhere vanishing differential (d − 1)-form ω obtained as the Poincaré residue ω = Res Ω of the rational differential form [Bat93] :
Since ∆ is the Newton polytope of the Laurent polynomial f , the order of zero of ω along the exceptional divisor E i corresponding to the lattice point
Remark 2.24. We note that a d-dimensional lattice polytope ∆ with ∆ F I = 0 is reflexive if and only if ∆ = ∆ can .
If ∆ is reflexive then the canonical singularities of the projective Calabi-Yau hypersurface Z ∆ ⊂ P ∆ have a MPCP (maximal projective crepant partial) resolution obtained from a simplicial fan Σ whose generators of 1-dimensional cones are lattice points on the boundary of the polar reflexive polytope ∆ * [Bat94] . This fact can be generalized to an arbitrary d-dimensional lattice polytope ∆ ⊂ M R such that ∆ F I = 0. For this we need the following statement:
where ∆ * is the polar polytope.
Proof. By Definition 2.11, a lattice point n ∈ N belongs to the support of the Fine interior ∆ F I = 0 if and only if ord ∆ (n) = −1. The polar polytope ∆ * ⊂ N R is defined by the condition ord ∆ (x) ≥ −1. Therefore, we obtain Supp(∆ F I ) ⊂ ∆ * . Since 0 is an interior lattice point of ∆ one has 0 > ord ∆ (n) ∈ Z for any nonzero lattice vector n ∈ N. In particular, one has ord ∆ (n) = −1 for any nonzero lattice point n ∈ ∆ * , i.e., {∆ 
Since the toric singularities of P Σ ′ are Q-factorial and terminal, the same is true for the singularities of X ′ .
The Mavlyutov duality
In [Mav11] Mavlyutov has proposed a generalization the Batyrev-Borisov duality [BB97] . In particular, his generalization includes the polar duality for reflexive polytopes [Bat94] . We reformulate the ideas of Mavlyutov about Calabi-Yau hypersurfaces in toric varieties in some equivalent more convenient form.
For simplicity we denote by [P ] the convex hull Conv(P ∩ Z d ) for any subset P ⊂ R d . As above, we denote by P * the polar set of P if 0 is an interior lattice point of P .
Let and the lattice vector e 0 = −e 1 − e 2 − e 3 − e 4 − 2e 5 is a 5-dimensional pseudoreflexive simplex which is not reflexive.
There exist a close connection between lattice polytopes ∆ with ∆ F I = 0 and pseudoreflexive polytopes: 
On the other hand, ∆ F I is contained in the intersection of the half-spaces x, 
The statements in 3.4 and 3.5 motivate another names for lattice polytopes ∆ with ∆ F I = 0: Definition 3.10. Let Θ be a k-dimensional face of a d-dimensional pseudoreflexive polytope ∆ ⊂ M R . We call Θ ordinary if the following equality holds:
in other words, if all lattice points in the (k + 1)-dimensional cone σ Θ = R ≥0 Θ over the face Θ ≺ ∆ are contained in the multiples lΘ (l ∈ Z ≥0 ).
Proposition 3.11. Let Θ ≺ ∆ be a k-dimensional face of a lattice polytope ∆ with
Proof. Let x ∈ Θ be a point in the relative interior of Θ. 
, u 0 is a nonzero lattice point contained in ∆ and in the k-dimensional cone R ≥0 Θ over Θ. On the other hand, ∆ ∩ R ≥0 Θ = Θ ⊂ Π Θ . Contradiction. Definition 3.14. We call a k-dimensional face Θ of a pseudoreflexive polytope
A k-dimensional face Θ is called singular if it is not regular.
By 3.13, we immediately obtain: Remark 3.16. Pseudoreflexive lattice polytopes ∆ satisfy a combinatorial duality ∆ ↔ ∆ ∨ that extends the polar duality for reflexive lattice polytopes . However, in contrast to polar duality for reflexive polytopes there is no natural bijection between arbitrary k-dimensional faces of a pseudoreflexive polytope ∆ and (d − k − 1)-dimensional faces of its dual ∆ ∨ . Such a natural bijection exists only for regular k-dimensional faces Θ ⊂ ∆.
Remark 3.17. By 3.11, every regular face Θ ≺ ∆ is ordinary. It is easy to see that for a (d − 1)-dimensional face Θ ≺ ∆ the following conditions are equivalent:
(i) Θ is regular; (ii) Θ is ordinary; (iii) the integral distance from 0 ∈ M to Θ is 1.
Remark 3.18. Reflexive polytopes of dimension 3 and 4 have been classified by Kreuzer und Skarke [KS98, KS00]. It is natural task to extend these classification to lattice polytopes with Fine interior 0. By 3.4, a lattice polytope ∆ of dimension 3 or 4 has Fine interior 0 if and only if ∆ contains 0 in its interior and ∆ is contained in some reflexive polytope ∆ ′ . All 3-dimensional lattice polytopes with the single interior lattice point 0 have been classified by Kasprzyk [Kas10] . There exists exactly 674,688 3-dimensional lattice polytopes ∆ with only a single interior lattice point. However, not all these polytopes ∆ have Fine interior 0. I was informed by Kasprzyk that among these 674, 688 lattice polytopes there exist exactly 9, 089 lattice polytopes whose Fine interior has dimension ≥ 1. These polytopes correspond to elliptic surfaces, Todorov surfaces and some other interesting algebraic surfaces.
According to Kreuzer und Skarke [KS98, KS00] , there exist exactly 4, 319 3-dimensional reflexive polytopes. We remark that canonical models of K3-surfaces coming from 3-dimensional reflexive polytopes have at worst toroidal quotient singularities of type A n . However, the canonical models of K3-surfaces coming from 3-dimensional lattice polytopes ∆ with the weaker condition ∆ F I = 0 may have more general Gorenstein canonical singularities of types D n and E n .
Analogously, we remark that canonical singularities of 3-dimensional Calabi-Yau varieties obtained as hypersurfaces in 4-dimensional Gorenstein toric Fano varieties defined by 4-dimensional reflexive polytopes are toroidal. They admit smooth crepant resolutions, because any 3-dimensional Q-factorial terminal Gorenstein toric variety is smooth. Singularities of 3-dimensional Calabi-Yau varieties X obtained as minimal models of ∆-nondegenerate hypersurfaces with ∆ F I = 0 generally can not be resolved crepantly, because Q-factorial Gorenstein terminal singularities in dimension 3 are cDV -points that may cause that the stringy Euler number of X will be a rational number [DR01] . So the classification of 4-dimensional lattice polytopes ∆ with Fine interior 0 would give many new examples of 3-dimensional Calabi-Yau varieties with isolated terminal cDV -points that need additionally to be smoothed by a deformation [Na94] in order to get a smooth Calabi-Yau 3-fold.
It would be very interesting to know what rational numbers can appear as stringy Euler numbers of minimal 3-dimensional Calabi-Yau varieties coming from 4-dimensional lattice polytopes ∆ with ∆ F I = 0.
The stringy Euler number
Definition 4.1. If V is a smooth projective algebraic variety over C, then its Epolynomial (or Hodge polynomial) is defined as 
for some rational numbers a i ∈ 1 r Z satisfying the additional condition a i = 0 if D i is not in the exceptional locus of ρ. We set I := {1, . . . , k} and, for any ∅ ⊆ J ⊆ I, we define
where Let x ∈ X be a point on X. We define the local stringy E-function of X at x ∈ X by the formula
In particular, we define the local stringy Euler number of X at point x ∈ X as e str (X,
Our goal is to derive a combinatorial formula for the stringy E-function E str (X; 
Example 4.4. If
M = N = Z d , C = R d ≥0 ⊂ R d and m = (1, . . . , 1). Then C(1) is a d-dimensional simplex in R d defined by the conditions x i ≥ 0 (1 ≤ i ≤ d), d i=1 x i ≤ 1. We have R(C, m, t) = ∞ k=0 t k d = 1 (1 − t) d and R(C • , m, t) = ∞ k=1 t k d = t d (1 − t) d
Proposition 4.5. The power series R(C, m, t) and R(C • , m, t) are rational functions satisfying the the equation
R(C, m, t) = (−1) d R(C • , −m, t).
Moreover, two limits
lim t→1 (1 − t) d R(C, m, t), lim t→1 (t − 1) d R(C • , −m, t)
equal the integral volume v(C(1)) = d!V ol(C(1)), where V ol(C(1)) denotes the usual volume of the d-dimensional compact set C(1).

Proof. First we remark that R(C, m, t) is a rational function, because R(C, m, t)
can be considered as the Poincaré series of the graded finitely graded commutative semigroup algebra C[C ∩ N] such that the degree of an element n ∈ C ∩ N equals m, n . The function R(C • , m, t) is also rational, because it is the Poincaré series of a graded homogeneous ideal in C[C ∩ N].
In order to compute the rational functions R(C, m, t) and R(C • , m, t) explicitly we use a regular simplicial subdivision of the cone C defined by a finite fan Σ = {σ} consisting of cones σ generated by parts of Z-bases of N. Denote by σ
• the relative interior of a cone σ ∈ Σ. Then we obtain
If σ ∈ Σ is a k-dimensional cone, the semigroup σ ∩ N is freely generate by some
m, t).
In order to prove the equation R(C, m, t)
for the whole ddimensional cone C we note that for any σ ∈ Σ one has
Using the equalities (4.1) and (4.2), we get
because for any cone τ ∈ Σ one has τ σ (−1) dim σ = (−1) d . We note that the limit (
V ol(σ(1)).
It follows now from the equation R(C, m, t)
The following results of Danilov and Khovanskii allow us to compute the poly- 
where
In particular, the Euler number e(Z ∆ ) = E(Z ∆ ; 1, 1) equals
In particular, one obtains 
Proof. Let Σ be a common regular simplicial subdivision of the normal fans Σ ∆ and Σ ∆ can . As in Theorem 2.18 we obtain birational morphisms ρ 1 :
where Z ∆ is a smooth variety obtained as Zariski closure of Z ∆ in the smooth projective toric variety P defined by the fan Σ. For computing the stringy Efunction E str (X, u, 1) we use the formula (4.2)
where the strata D
• J are intersections of the hypersurface Z ∆ ⊂ P with torus orbits corresponding to cones σ ∈ Σ.
Let σ ∈ Σ(k) be a k-dimensional simplicial cone generated by primitive lattice
By 2.23, the discrepancy coefficients a j of smooth divisors D j (j ∈ J) on Z ∆ can be computed by the formula a j = − m, v j −1 (j ∈ J) where m ∈ M is any lattice point in the face Θ. Since the fiber ρ −1 1 (p) of the birational toric morphism ρ 1 over every point p ∈ P ∆ consists of torus orbits, the codimension k stratum D
• J is isomorphic to the product of a torus (C * )
and a Θ-nondegenerate hypersurface Z Θ ⊂ (C * ) dimΘ . By 4.6 and 4.8 we have
Using 4.5, we obtain (−1)
where σ Θ is the cone in the normal fan of the polytope ∆ and ∆ * ⊂ N R is the polar polytope of ∆.
Proof. One has
It remains to apply Corollary 4.7
and Proposition 4.5
Remark 4.12. It is easy to see that the formula for the stringy Euler number in Theorem 4.11 is a generalization of the formula (1.1) in the case when ∆ is a reflexive polytope. If Θ ≺ ∆ is a (d − k)-dimensional face of reflexive polytope ∆ then the k-dimensional polytope σ Θ ∩ ∆ * is a lattice pyramid with height 1 over the (k − 1)-dimensional dual face Θ * of the polar reflexive polytope ∆ * . Therefore,
Thus, we obtain
We consider below several examples illustrating applications of our formula to non-reflexive polytopes ∆.
Example 4.13. The Newton polytope ∆ of a general 3-dimensional quintic X in P 4 containing the point (1 : 0 : 0 : 0 : 0) ∈ P 4 is the almost reflexive polytope
}, which is a set-theoretic difference of two 4-dimensional simplices. The Fine interior of ∆ consists of the single lattice point p = (1, 1, 1, 1) . The integral distance between p and the 3-dimensional face Θ defined by the equation x 1 + x 2 + x 3 + x 4 = 1 equals 3. Therefore, ∆ is not a reflexive polytope. One has v(∆) = 5 4 − 1 4 = 624. The polytope ∆ has 6 faces Θ of codimension 1 (4 faces Θ with v(Θ) = 5 3 − 1 3 = 124, one face Θ with v(Θ) = 5 3 and one face Θ with v(Θ) = 1 3 ). There also 14 faces of dimension 2 and 16 faces of dimension 1 in ∆. Our formula for the stringy Euler number gives:
This is a well-known fact, since X is a smooth quintic 3-fold. is the almost pseudoreflexive polytope
≥0 : 2 ≤ x 1 + x 2 + x 3 + x 4 ≤ 5, } which is again a set-theoretic difference of two 4-dimensional simplices. The Fine interior of ∆ consists of the single lattice point p = (1, 1, 1, 1) . The integral distance between p and the 3-dimensional face Θ defined by the equation x 1 +x 2 +x 3 +x 4 = 2 equals 2. Therefore, ∆ is not a reflexive polytope. One has v(∆) = 5 4 − 2 4 = 609. The polytope ∆ has 6 faces Θ of codimension 1 (4 faces Θ with v(Θ) = 5 3 −2 3 = 117, one face Θ with v(Θ) = 5 3 and one face Θ with v(Θ) = 2 3 ). There also 14 faces of dimension 2 and 16 faces of dimension 1 in ∆. Our formula for the stringy Euler number gives:
Unfortunatly, this singular Calabi-Yau 3-fold X does not have a projective small resolution of its singularity. So X has no a smooth projective birational Calabi-Yau model. 
By 4.15, we obtain
Therefore, the local stringy Euler number of the singular point x ∈ X ′ equals ∈ Q \ Z for some coprime numbers c, d − 1. In particular, e str (X ′ ) is not an integer.
So far no mirror manifolds have been known for singular Calabi-Yau varieties X with non-integral stringy Euler number e st (X) ∈ Q \ Z. P(a, 1, . . . , 1) Let a, b ∈ N be two integers a, b ≥ 2. We put d := ab + l for some integer 1 ≤ l ≤ a − 1 and consider Calabi-Yau hypersurfaces of degree a + d in the weighted projective space
Calabi-Yau hypersurfaces in
≥0 satisfying the condition
The convex set 
such that Berglund-Hübsch-Krawitz mirror construction can be applied to every hypersurface 
Proof. The polytope ∆ is the difference of two d-dimensional simplices. Therefore, all proper faces Θ of ∆ are either simlices or differences of two simplices. For any 
. Now we can apply the formula (4.11) for computing the stringy Euler number of a generic Calabi-Yau hypersurface X ⊂ P(a, 1 d ): 
Proof. For the dual pseudoreflexive polytope ∆ ∨ one has v( 
Corollary 5.4. If l = 1 then one has
Proof. Comparing the formulas for e st (X) and e st (X ∨ ) in 5.2 and 5.3, we see that
Therefore, we get
Z. The terms in e str (X) having the denominator b sum up to
In particular, for l = 2 and odd integers a, b the dimension d = ab + 2 is odd,
and e str (X) is not an integer.
On the other hand, we did already the computation for e str (X ∨ ) in 5.3 and obtained
This shows that e str (X ∨ ) ∈ 1 a Z. Therefore, if a and b two distinct odd prime numbers the equality e str (X) = (−1) d−1 e str (X ∨ ) can hold only if the stringy Euler numbers are integers, but for l = 2 this is not the case.
6. An additional condition on singular facets 
A generalization of Berglund-Hübsch-Krawitz mirror construction suggested by Artebani, Comparin and Guilbot [ACG16] needs an additional condition that guarantees that the Zariski closure of an affine ∆ 1 -nondegenerated hypersurface Z 1 in the toric variety P ∆ * 2 associated with the rational polar polytope ∆ * 2 will be quasi-smooth. The same condition is demanded for the Zariski closure of a ∆ 2 -nondegenerated affine hypersurface Z 2 in the toric variety P ∆ * 1 associated with the rational polar polytope ∆ * 1 . The quasi-smoothness condition implies that the singularities of Calabi-Yau hypersurfaces are locally quotient singularities. In particular, the stringy Euler number of such Calabi-Yau hypersurfaces is always an integer.
In [Bor13, Def. 7.1.1, Prop. 7.1.3] Borisov suggested to generalize the quasismoothness condition using some versions of Jacobian rings. It is not quite clear how Borisov's condition can be described by purely combinatorial properties of convex polytopes, but it is satisfied in two cases: 1) for reflexive polytopes and 2) for almost pseudoreflexive simplices ∆ 1 and ∆ 2 that appear in the Berglund-Hübsch-Krawitz mirror construction.
Our purpose is to describe a new another condition on Calabi-Yau varieties X and X ∨ that must be added to the Mavlyutov duality for pairs of d-dimensional pseudoreflexive polytopes ∆ and ∆ ∨ such that the stringy Euler numbers e str (X) and e str (X ∨ ) will be integers satisfying the equation
We remark that a pseudoreflexive lattice polytope ∆ is not reflexive if and only if there exists at least one singular facet Θ ≺ sing ∆. Our additional condition on a pseudoreflexive polytope ∆ is exactly an additional condition on its singular facets of ∆. By 3.17, there exist a natural bijection between singular facets Θ of pseudoreflexive polytope ∆ and non-integral vertices ν Θ of the polar polytope ∆ * . Let Z ⊂ T d be a ∆ ∨ -nondegenerated hypersurface and let X ∨ be its canonical Zariski closure in the toric Q-Fano variety P ∆ * corresponding to the polar polytope ∆ * . Then for any singular facet Θ ≺ sing ∆ the Calabi-Yau hypersurface X ∨ ⊂ P ∆ * contains the torus fixed point x Θ ∈ X ∨ corresponding to the rational vertex ν Θ ∈ ∆ * .
Definition 6.1. Let Θ ≺ sing ∆ be a singular facet of a d-dimensional pseudoreflexive polytope ∆. Denote by n Θ (n Θ ≥ 2) the integral distance from 0 ∈ M to the facet Θ. We call the facet Θ quasi-regular if the local stringy Euler number e str (X ∨ , x Θ ) is an integer that can be computed by the formula:
We illustrate this definition with the examples of the Mavlyutov pairs (∆, ∆ ∨ ) from the previous section. Proof. Let Z ⊂ T d be a ∆-nondegenerate affine hypersurface. There are two projective closures of Z: the closure Z in the toric variety P ∆ and the canonical model X obtained as the Zariski closure of Z in the toric Q-Fano variety corresponding to the rational polytope ∆ can = (∆ ∨ ) * ⊂ M R . We choose a regular simplicial fan Σ which is a common subdivision of two rational polyhedral fans: the normal fan Σ ∆ and the normal fan Σ ∆ can . So we obtain two birational toric morhisms ρ 1 and ρ 2 :
together with the induced birational morphisms
The canonical Calabi-Yau hypersurface X ⊂ P ∆ can is a disjoint union of locally closed strata X F := X ∩ T F where T F is a torus orbit in the projective toric variety P ∆ can and F runs over all faces F ∆ can of the rational polytope ∆ can :
Let v 1 , . . . , v s be the set of primitive lattice generators of 1-dimensional cones in the fan Σ. We set I := {1, . . . , s}. Then k-dimensional cone σ ∈ Σ is determined by a subset J ⊂ I such that |J| = k and σ is generated by v j (j ∈ J).
For any face F ∆ can we define the stringy Euler number where D
• J are either empty or a locally closed stratum on the smooth projective hypersurface Z in the toric variety P Σ corresponding to a cone σ ∈ Σ of dimension |J|. By the additivity of the Euler number, we obtain e str (X) = F ∆ can e str (X, X F ).
So it remains to compute e str (X, X F ) for any face F ∆ can . We consider the following 4 possibilities for a face F ∆ can :
• 
